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ABSTRACT 


This study analyzes the location of vertex and absolute 2-centers 
of an undirected graph. Under certain assumptions, these locations 
would be useful for determining the optimal positioning of emergency 
facilities such as fire stations. Vertex and absolute multi-centers 
are defined, and a procedure for locating the vertex multi-centers is 
given. It is shown that certain combinations of arcs and vertices 
never contain absolute 2-centers, while certain others will always 
contain a 2-center which is more centrally located than the vertex 
@-center. Although no algorithm was found for determining the 
absolute 2-center of a graph, an algorithm is presented for finding 


the best 2-centers which exist on arcs incident to the vertex 2-center. 
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CHP TE Rel 
INTRODUCTION 


Grap renee rT cireveoncepts may" be*usefull ywapplred=tosthe»problem 
of optimal location of emergency facilities, such as fire stations or 
repair shops. The area to be covered by the emergency equipment can 
be modeled by a graph G(V,A), where V is the set of vertices, which 
corresponds to the various localities to be served, and A is the set 
of arcs, which corresponds to the roadways interconnecting these 
locations. 

The problem of optimal distribution of facilities arises in deter- 
mining the best location for these emergency facilities within the area 
to be covered. Since minimum response time to a call for assistance 
ithe objective, and since this time is dependent on the distance the 
cmmiercvemey Cquipment naust travel, it is desirable to placesthe facili- 
ties in such a position that all the localities are as near as possible to 
one of the facilities. The problem then is to optimally locate available 
equipment. The solution to the problem lies in determining the loca- 
tion of multi-centers of the graph. 

Wine optimum location problem has been examined in many con- 
texts by various investigators, going back as far as the l7th century. 
ler an extensive bibliography on the subject, see Francis. (1) 

ime research reported herein is based largely on work reported 


(2, 3) 


in two articles by Hakim1. Hakimi presents a solution technique 
for optimally locating a single center ona graph. He also poses the 
problem of locating multi-centers, but has no solution procedure. 
This report discusses a solution procedure for optimally locating 
2@-centers. The technique is basically an extension of Hakimi's tech- 
nique for the single center. The technique will find optimal 2-center 
iseamona when they occur on cértain arcs. Optimal 2-centers can 


Peeuteonweener arcs. The same basic technique can be used to deter- 


Mimemtaese Others, but only with a great deal of effort. 


Chapter ¢ introduces the prapaytheonetic Concepts appropriate re 
the discussion and summarizes Hakimi's solution to the single-center 
case. Chapter 3 is devoted to a series of theorems whose net result 
is to alleviate somewhat the work required to locate 2-centers. Chap- 
ter 4 presents the solution technique, with an illustrative example. 


Hinally, “Ghaptemeo summarizes thetmeport: 


CHAP Piped 
LOCATION OF THE ABSOLU Thi Clie R 


A few concepts from classical graph theory are an appropriate 
preliminary to a discussion of Hakimi's paper. A graph G/(V, A) 
consists of a set of vertices (or nodes) V, connected by a set of 
arcs, A. Vertices will be denoted by letters or numbers in paren- 
theses, e.g., (p),; (q), (3). A general point on thesgraph, not 
necesSarily at a vertex, will be indicated by the letter x. The letter 
v will indicate any fixed but unspecified vertex. 

mares willjpesdenotcd™by pairs of letters or numbers in paren-— 
Pies omelet y Miemeie VeltlCce JOINee lov them ne, 1 fen, (ey 1S aime 
Suen Oimine vertex. p. tO vertex .q.In this paper all arcs are undi- 
BoCroanel c¢.,. (p.d) 1S equivalent. tor tg, p):- 

Attached to each arc of a graph is a non-negative number sig- 
betying its leneth (on Cost Me Lraverse If Or Similar medapure). 
Similar numbers may be attached to vertices, although none willbe 
im this discussion. Thus, the distance between any two vertices is the 
pamemor the Léenpthis of the arcs between them. In general, there will 
be more than one path between vertices. 

If we define 

d(x, y) =minimum distance from (x) to (y), 
mie tOLeany Vertex c, there will existadic,v) for all ve V. Tre 
distance to the vertex farthest from (c) is called the radius asso- 
clated with the vertex c, or 


r(c) = max d(c,v) for a fixed vertex c. 
ve V 


miicemInimMunmy or tThesmadieassociatedavithpallgvertices of a graph is 
the radius of the graph, or 


he r(v*) =jmin r(c)-. (si) 
Cig 


The vertex v* satisfying equation [1] has been defined as the 


(4, 5) 


center of the graph in the claissical literature, This definition 
of center for a graph has some intuitive appeal since v* is in some 
sense ''closer'' to the vertices than any other vertex. 

Hakimi shows thatpoints that are more centrally located than the 
center of the graph may exist along arcs. The radius associated with 
such points would then be less than To: He refers to the point which 
yields the minimum radius as the absolute center. More precisely, 


aepoint x* on thespraph Gis called*an ab solute centcrmem 


maxd(v, x*) Smaxd(v,x; x on G). 
ve V veV 


Hakimi's approach for determining the absolute center is to find 
on each arc the point which yields the minimum radius. These 
points he calls local centers. The local center with the smaltest 
Minimum radius pssthe absolute center of the prapm. 

Without going into the details of Hakimi's method, it is worth- 
while to look at his method for determining the location of local 
Centers. Consider the peneralized graph ot Micurcwiaiby “school 
ized'' we mean it may have any number of vertices with any con- 
Nectivity between them). eiiet B be the lémerhigor the arc (p,q) and 
<ebe tae distance from (p)) to perme x. = lbto mows aL 


(50,02) = rad oe oh cart) ee cee ec), 





Figure 1. An illustration of the distance d(x, 1) 
Let f(x) = x+d(p,i) and g(x) = B - x+d(q,i). The functions f(x) 
and g(x) are plotted in Figure 2. The distance d(x;i) is shown by 


the heavy lines of the graph. For every vertex 1 in the graph 


similar plots can be obtained, Then in Figtre 3,;"all of*these plets 


— 


d(x, i) 5) § (x) 
Distance 0 B 
Vertex (p) (q) 


ileeine. 2. cAuplot of udiiccaieetor are .(p,q) 
are next combined and shown on the same axes. The curve of the 
function 
F{x) = max d(x, 1) 
le V 
fem arc (p,q) is then found by selecting the maaximum walue of all the 


functions plotted for each value of x (the heavy line in Figure 3). 





F(x) local 
center 
Distance 
Vertex (p) (q) 


Bigure 5. A’plot of F(xj@fok arc (p,q) 
The local center of arc (p,q) is the value of x associated with the 
minimum value of F(x). Finally, the absolute center is that local 
center having the smallest minimum value of F(x) of all local centers. 
The simple example shown in Figure 4 will serve to illustrate 


Hakimi's method. In Figure 5, the plots for each arc are shown. The 


7% 


Figure 4. Example graph 


centerwot@the praph (ingthe classical sense) is (1). with be) 7 Zee lhe 
absolute center is located 1/2 unit from (1), along (1,3), and has a 
radius of 1 1/2. The absolute center determined from Figure 5b is 


indicated by the x in Figure 4. 


aid)= 


Local 
Center 





Distance ] 
Vertex (1) (2) 





Distance 0 2 
Vertex (1) (3) 


Distance 
Vertex 





Figure 5. Determination of local centers for example graph. 


lige 


Crear rr. 
VERTEX 2-CENTERS AND ABSOLUTE 2-CENTERS 


The purpose ofthis chapter is to intreduce the concept of the vem 
tex 2-center and the absolute 2-center and explore some of their 
characteristics. Specifically, as a valuable part of the solution tech- 
nique, it will be shown that certain combinations of arcs and vertices 
can never constitute an absolute 2-center. Consequently, by redweime 
the number of arcs to be examined in the search for a solution, a 
decrease in solution time results. It will also be shown that under 
certain conditions, a solution that improves on the vertex 2-center 
can be obtained immediately. 

Suppose that several towns and the highways joining them can be 
reasonably modeled by a graph G Ge A). Suppose further that there 
are two fire stations to be built to provide protection for all the 
towns. The problem then is to select the two towns in which to build 
the firehouses, assuming initially that the firehouses must be built 
in towns. : Since the two firehouses are to service all the towns, and 
since fast response to an alarm is desired, the towns should be 
selected so that the farthest distance any fire truck will have to go is 
the minimum for all possible pairs of towns considered. The problem 
as treated here assumes that only one fire can be burning at a time, 
and that when one station answers a call, the other station takes no 
action. Selection of the towns corresponds to finding a vertex 2-center 
of the associated graph. 

In general, a set of pr verticers va waon “G is called a. vertex 
p-center of G, IPfor €vermyosct of p veurices Le on G, 


max dii, VV.) > max de We) = r., 
en P ieV P 


Building both in one town will never be better than selecting two 
towns, although it may be as good. 


aD - 


where r_ is defined as the radius associated with the vertex p- 
center. In thaigi paper, only the case where p = 2 will be considered. 
To find a vertex Z2-center, the simplest method is to construct a 

matrix D= (ds 53 , where Se = d(i,j), the shortest distance from 


vertex i to vertex j. For an undirected graph, D willbea 
n 


Z 
ermververtices to be examined: The set yielding the minimum 


Mmaictric tmadtrix. Ii there are n vertices, there will be( } sets 


radius will be the vertex 2-center. 


Suppose, for example, that a graph has the following D matrix: 


pee 2S OO ae 
Zr 3s 4 Se 
a 8) 1) 3°22 4 
5 Bow 3 eeQeeed 867 
5 5 wee wer 0 2 
a a a re 8. 


pimcc there 7are.Ssix,Verlices, twnerc are (3)- 15 possible vertex d- 
centers. 

The first step in determining a vertex Z2-center 1s to determane 
the minimum distance from each pair of vertices to each other ver- 


tex. For instance, considering ee ail), (2, 


dii( 3), ae =e reso = eon 
Similarly, the minimum distance to allether vertices can be deter - 
Gomboverel 
Ghe next step is ito determine the radius associated with each V5: 
The radius associated with a pair of vertices is the distance to the 
farthest vertex, or the maximum of these minimum distances. Thus, 
the radius associated with is (ql), (2 1s 
riax ad( V,) = “priceevOm0, 3,355, 4).= 5. 
Vv V 
Piece anal Steps calOecelect d Verbex ¢C-cemter, a V. which has the 


Z 
minimum radius. EThus, the radius of the graph for the ¢-center 


ies 


case ipa x) ae min [ max d(v, ve , and the Ve which produces 
ve Vv 
Z 

v., is V3 , a vertex 2-center. For the example given, the reader 
may verify that V3 = f (Del 5) } 4. with r, = ae 

The last expression can be generalized as an alternate definition 
of the radius associated with a vertex p-center, that is, 

r = min [ max d(v,V_)]., 
Pp 


P Va Vv Vv 
Pp 


andthe V which produces r_ is V*. 
2 p P 


Examining all possible sets of vertices would be a sizeable job 
for a large graph, but could be accomplished very easily by a 
computer. 

Now suppose that the requirement were lifted that the firehouses 
must be constructed in towns. Instead, they may be constructed at 
any two points either in towns or along the highways. The same 
criterion of minimum response time is, of course, appropriate. 

The solution to the problem now corresponds to finding an abso- 
lute 2-center of the associated graph. For the general case, a set 
of p points = is called the absolute p-center of G, if for 
every set of p points a onwG, 

max d(i, X ) 2 maxd(i, X*) = ee 
ey P ie V 
Again, p = 2 is the only case considered here. 

The algorithm for finding an absolute 2-center is the subject of 
Chapter 4. The remainder of this chapter is concerned with con- 
ditions necessary for the existence of vertex and absolute 2-centers. 
Theorem 1. Any graph having at least p vertices has a vertex p- 
Center: 

This theorem is true from the definition of the vertex p-center. 
Since for any graph with p vertices there will be at least one set 


see then there must exist a set V*, the vertex p-center. 
p 


= 


Theorem 2. Amy graph having at least p vertices has an absolute 
p-center. 
This theorem follows directly from Theorem 1. Since V* 
always exists, and = es seal ian aS must exist. 
It should be noted that neither the vertex 2-center nor the abso- 
lute 2-center need be unique. 
Lemma 1. Let v5 = { (p),(q)} be the vertex 2-center with radius 
To) canGlaa aC MeDIC st hes act CajOimino(p)eandie (|G). go) heme ma yvexict 
an interval on (p,q) such that for any point x located in that inter- 
val, the set {(p),x} also has radius r,. 
Proof: The set V may be partitioned into two subsets, 
Me Lvs d{v,p) = d(v,q)} and V_ = jv; d(v.q)=di(v,p)}. 
Vertices for which d(v,p) = d(v,q) may be assigned to either sub- 


set. Let s be the vertex in i for which d(s,p) = max d(v,p). 


mee 
pimilarly, define t to besswem tiatmeantura) — max d{v, q). “Without 
ve V 
loss of generality we assume q 
d(s,p) = Ty 3 


d (tyigi)ie =r" + as r,. 
If strict inequality holds in the second relation, then we may move 
along (p,q) from (q) toward (p) to any point x such that 

te ee tees) Ss r, 
with the radius of the set {(p),x} remaining constant at r.. If 
r' = Io then no such points exist. 


Example: 





Figure 6. Example graph 
For the graph of Figure 6, r, = 7 and r'=5. A set consisting 
of (p) and any point within two units of (q) along the arc (p,q) 


will also have a radius of 7. 


ie 


Thus, in general, it is true that we may move a distance of 
Tr, - r' along the arc connecting the vertex 2-centers without 
increasing the radius t.- Note, however, that we are not 
improving on r.. Ine theorem 3 and its corollaries, it will™ve 
shown that in the general case, no point on this arc will enable us 
to improve on r.: 

Now consider the generalized graph of Figure 7. The graph may 
have any number of vertices and any connectivity between the vertices. 
The next theorem will prove that a single arc connecting the members 


of a 2-center will contain no points which may be paired with either 


member of the 2-center to form an absolute 2-center. 


QO © 
ale 


Pipures] seGeneralizedgeraphevith Single arc connecting 
the members sotthe 2-cenver: 


Theorem 3. If V4 = { (p),(q)} is avextex 2[eenver,, and r, = re 
then there €xists no point x “on the are (p, Gq}, mot imermaino =p) 
or (qj), owen that owe pyc } Or vee { x,(q)} is an absolute 2- 
Cenecer, 
Proot: Wer be the lengthvot thievsingle are joiningo=(p) ance: 

ez 

d(v, x) =moin fd(v,p)0,bid(v,q) + (1 - a) b}, Ca 
For any point x on the arec,.there willsexist two subsets"ef VW which 
are defined as follows: 

ve ={v; d(v,x) =d(v,p) + ab} 

Ve = { v; d(v, x) = d(v,q) + (1 - a)b} 
where. Vit) Vl = i. 

p q 


For "every v@yv' , div, x)\eeea (vy py and 
p 


ae 


masa) > max div, p)x aaa 
veV! veV' 
Pp P 
Therefore, the radius associated with the point x and the set ¥, 
is always greater than the radius associated with (p) and Ma : 


Similarly, for every ve Ne 


Cia. <x) > CCV, Gg) 
and 
Imax (Vv, x) > max d (Vv, . ea 
eve Ve i 
Thus the radius associated with the point x and the set ue is 
always greater than the radius associated with (q) and a . 


Examining the right-hand side of inequalities [2] and [3], we may 


write 
max { max d(v,p), max d(v,q)} = r, [4] 
veV' vev' 
Pp q 


since V' UJ Ne = V and {(p), (q)} is a vertex 2-center. Equality 
p 


would hold in the case where V'=V_ ,V'=V where V and V 
Pp Pp q q p q 


Seew@ctine@icamiicr insthis Chapter. Theretore, we may collectsthe 
lettekemdsside of [2] and {3], and write 


late, ) ax (vse), max diy, xjneeer 


2 b 
Vee veV' 
Pp 


S| 
proving the theorem. 


In the proof of Theorem 3 the assumption was made that r= aga 
In Corollary 1 this assumption is withdrawn. 
@orollary 1; If V3 = T(( poeeeiimicethe vertex 2-center, and r, Se 
then there exists no point x located more than Sas Gr! *tpem (q)aeen 
taeearc (p,q) such that Vv, =>), anor V5 = {x, (q)} is an 
absolute 2-center. 
Proof: The proof of this theorem follows immediately from Lemma 


l and Theorem 3. In Lemma 1 it was shown that with (p) as one 


Diemer O1the vertex c-center, the other member may be located 


ree 


anywhere in an interval of length _ mi inom (q)jon (pra) with 
the radius remaining constant at r.. At the pownit Tr, - Pe trom 
(q) on (p,q), the radius associated with that point and a 1s Tr, 
The remainder of the are“is*therefore precisely analogous to the 
total arc under the condition T5 = r', so that the results of Theorem 
S Apply dir ecuiy: 
Corollanyvacr or a = {(p), (q)}"is a vertex 2-center) then theme 
exists no pair of points {x,y} onthe arc (p,q) suchthat {x,y} 
is an absolute 2-center. 

The proof of this corollary follows immediately from the proof 
of Theorem 3. @learly., if we are unable to findja combinaponyor 
a vertex and any point on the arc that will yield a radius less than 
r, we will be unable to find two points on the arc such that the 


Z 
radius is less than r... 


Z 
The next step is to extend the results above from the case where 
(pleend (Gilarevconnected by agsingplesarc to the case where they auc 
connected bya series of arcs. For the simplest case, as is shown 
in Fisure §, assume that there is°a single vertex (r) between (p) 


and (Gio with no direct conmecttvily Other than toy (p>) meanmammucai: 


Assume that the path shown represents the shortest distance between 


(py sanding), 1.6. Seay entone 4, cance 


Figure 8. Generalized graph with one vertex located 
between members of a vertex 2Z2-center. 


Under the assumptions above, five cases may arise: 


l. Both of the arcs may be less than r. in length, 


Z 


2. One arc may be less than Ts the other equal to Ty 


mr . 


jo) DOLn maay be edudal to rr,” inplemath, 


Z 


4, One arcaumay be ereater than r_ , tre"other*equalto'rT and 


Z oe 
5. One arc may be less than To the other” predter, than rT, 


Bethearcs cannot be preater than r since this would imply that 


2. 3 
the radius associated with {(p),(q)} is greater than r.. 


Case 1: Both arcs less than r5 in length. This is the only case in 


which d(p,q) may be less than rT, This fact makes discussion of 
this case completely analogous to the proof of Theorem 3 earlier. 
Stated briefly, for any point located on either arc shown in Figure 8, 
the set of all vertices can be partitioned into two subsets: those to 
which the distance is shortest through (p), and those to which the 
distance is shortest through (q). Of the former subset, which we 
will call “a , it is always true that d(v,p) < d{v,xj. Of the latter 
swlpsiet, call it NY, , 1 1S true that div, q) < div,x). Whuilem@it is®tr ue 
that the radius associated with {(p),(q)} and one of these subsets may 
be less than r, , it is also true that the maximum of the radii asso- 
Gilatedi with the two subsets must be greater thangier at leastequal 


to) r.; otherwise, {(p),(q) } would not be the vertex 2-center. And, 


Z 
since for whichever of the vertices at which this occurs the minimum 


distamce to our point x must be larger, it must be true that no pemt 


on the pair of arcs will improve on r.. 
Thus toreescer y= both Theorem 3 and Corollaries l and 2 apply, 
i, é., there exists no point on theypair of arcs thatavillamproyesen r, 


when paired with (p) or (q), nor any pair of points which will 


improve on r,: 
Casexdmew@ne arc less than To. the other equal to r,: Insondemefor 
this case to occur, another vertex must exist which is also locateda 
distance r, arepee ws , since d(r, V3) er 
Pbisovertcx will ber calidiecde (im). 


wyet rr. is the radius. 


% Z 


Theorem 4. For the conditions of this case, there exists no point x 
omveither are such that set {(p),x}vor {x,{(q)} is an absolute Z= 


center. 


aoe. 


Proof: Let d(p, ©) ) Seo dilae 1) aaa Two situations can 


2° 
Ap Gigs (.ciiina eee 


Z 


ams euinuthiiSucaS e.ent her .di( 9,000) =r or 


2 oe 


C1 (oman, eae Ca Cilicieiina ait 


> 
First, let d(p,m) = r, o ral fahren he= ou For any point x on 
( pee welloicate dipicua onamlg): 
d(x,m) = d(p,m) +t ¢ 
= r, ee 
cee x aa) eS tr, 
It would be useless to investigate points on the arc (q,r), since 


dima) 2.7 othe outset, and movement toward .( 1) lomo cpma) 


a 
would only increase the distance.to..(m), 


Gi Gl ad OSG etl) ee Toe ANd «6d (Gb) ae. © As in the previous 


é (yy 
Basocmamh,. angwaoint On (par )weOT alGum) will be creates than die mi) 


Oteed:( Gime, and can never serve tas,reduce r.: 
2 in length. In order to discuss this 


case, it will be convenient to introduce some additional notation. 


Case 3: Both arcs equalto r 


Define 
Lemmy OVS >r6 10 Mears Ov aero R OS | 
P ve V 
p 
vF#r 
r’ =) imgcswaly, 4), 
q veV 
q 
v7#r 
Observerthat both and ae must be less than or equal to T,- The 


physical interpretation of r' and ue is that they represent what would 
p 
be Tr. and r’ if (r) were removed irom the praph amela simpiiegarc 


themmeonnected (p) andy(q). Sect (p) andge(q suchythas 


Define "to be a-distance alone. (bp. ) memcactac carro (pp), and 


6 to be a distance along (q,r) measured from (q). 


be 
Zz 
then the minimum radius obtainable for two points on (p,r) and (q,r) 


Theorem 5. For the conditions of this case, if r' $s 


is 


SOx 


= | 1 
— a 


The points giving this radius occur at 


| ! 
o = 5 (T, - i) 
and any 
] 
a t = ! 
€ 5 (r., fe oD rf 
ee Sa = (r, + r' }) 4 then the mininiuim cacdrus is 
p 
aa: 
P 


The points giving this radius occur at 


e= 0, 
and any 
i - Eb. SOS sr) sr 
a Pp p 
Proof: In order to have a radius less than r one member ofa 


2 ? 
2-center must be closer than r, to (r). Movement along (q,r) 
toward (r) gives such points, but also extends the distance to all 


other vertices in a The minimum distance that can be obtained 


PGeemts dt dGiceance, d Uirem: (q) /along wiGE ry ewhere 


q Zz 
reresenbubr avegaa me 
il 
= ae | 
aa 5 (r, i) 
This minimum distance 1s 
= l i 
r= (r., 7 EG Pn. 


For this distance to be the radius, however, the other member of 
the 2-center must be located such that the distance from it to the 
farthest vertex in V must be less*than or equaljto this distance. 

p 
ie this. in fact, occurs; mars, if 

i 

Mees 1 
os 5 (r, : i ), 


Eien tiierotmer imetniber of [he 2-center is free to move, so long as it 


doesn't extend the distance to the farthest vertex in V beyond r. 
p 


Ie 


The value of ¢ is bounded, 


r't+tes =e le 
p 2 
resulting in 
] 
< ees 1 = 1 
é New ee 
It is possible that 
l 
1 pes 1 
ES 2 Fee ree 


When this occurs, one member of the 2-center must remain at (p); 
that is, e¢ = 0 in order not to extend the radius beyond r! . The 
p 


other member is free to move, so long as the distance from it to 


both (r) and the farthest member of Ve never exceeds er iw s4 
r'+§6s r' 
q p 
Sacer! = 7r* 
p 
and 
T5 See oe 
2 1 
om r, 
or 
Y. =r eeees = 7" 72 oe: 
2 6p Pp q 


At first glance it may seem that we should consider points on 
(p,r). Note that in general the minimum radius obtainable for 
points on (p,r) is 


] 
max [ > (r., t x? x 1] 


However, since r' was selected greater than r' , the radius is 
in fact always 5 (r., te Tashi Now note further that this quantity is 
l 
always larger than either r!' or 5 (r., de NG jo @ thus, sinceywe are 
P 


seeking the minimum radius, the solution stated in the theorenagis 


complete. The onecexceptional case occurs where r = a een 
which a symmetric solution (i.e., e¢ and 5 may be interchanged) 
OCCUT Ss. 


_ fa 





Note that the points#determined by ¢ and 6 are not necessarily 
an absolute ceicenter, butithey do in general (unless - = r,) give 
a radius less than r5 

At this point, an example of Case 3 is inorder. Considey the 
praph of bieure 9. Since Br ; ta < To, > thengwesmust dba yew Ay 
Beced s horesemplewieteA = 2eeB.- 1. Ghen dep)nia)eise 


vaniex 2-center.as aren {(t),(q)} and. {(p)a(is)} ory = 4. Since 


a 
l ] 

1 = 2 < ae 1 = Z seat és ° e . ° 
a 5 (x, ah ti) 7 the 2-center giving the minimum 
radius occurs with 

] gee. 
box ip (r, oa i ) =i 2? 
| ] 
——— i = L a 
é 5 (r., 7 ack r 7 
and 
= l 1 — = l 
<; (r., ir A) = 72 5 


New let A=3, B= 1. Since r' =3 ae uae The 
p 


2 
2-center giving the minimum radius occurs at 


e=O0, 
and any 
ro 77! SO SS rior 
1 s6§ $2, 
with 
r ie = ie) Ses 
Pp 





Figure 9. Example graph 


m3 


Case 4. One arc equal to row thepetner 0r caleretiatn. 7 


a ee Ds 
This case is ina sense an extension of Case 3 above. We will let 
ew orainh (litle) 2 suum ee 


d(p,r)=r In searching for an absolute 


z sae 
Z-center, one can occur only if we can select a point less than r., 
from (r). This can occur in two ways, either by selecting a point 
on (p,r) oron (q,r). In Case 3, it was unnecessary to distinguish 
between the eases since for that case*the only dilference bet cence) 
and (q) was one of labelling. In this case, the distinction must be 
made, 

Define © to be a distance along (pyr) Mresoured 11cm (p), and 
6 "to be a distance alone (qpyr) measured trom): 
Theorem 6. For the conditions of this case, the minimum radius 


Obtainable for vo points on (p.r) sand. (qr) tor sthisscagesic 


r =min [ max[5(r, + eee er ; max [5 (x! +R), ae 


1 
If r= > (r., +r‘ ), then the points giving this radius are located at 
P 
1 
east a 1 
é - Pi (r., “Dp ) 
aiid eat: 
gal 
ss | je rig 
6 5 (r, aE ) ta 
If r= 5 (rh + R), then the points giving this radius are located at 
= 1 J 
6 = 5 (R - ee 
and any 
C Beil a) Set 
é q P 
If-r =r, then the points giving (hivsemadius aresgiocated at 
P 
ee= 0 
and any 
R-r' s 6 sr -r' 
P P q 
If r= Bo , then the points giving this radius are located at 


a4. 


and any 


Poet! Sota Ss fF! (=! 
aq q Pp 


Preoi: “Recall ther carer we detined VY as the™set or vemmces 
nearest to (p), with some distance from to) to the most distant 
Eeemaber of Nos . Similarly, MGs was the set of vertices nearest to 
te), withesome distance from (q) to the most distant member of 
V_. Further, it was shown that the radius associated with {(p), 
(q)} was the maximum of these distances. A similar argument will 
bemollewed for points along (p, 1) and (q, 1r). 


In order to improve on r,. (which in effect serves as an upper 


Z 

beoumed), one member of a Z-center must be closer to {r) than r.. 

First Considergpoints on (p,F). 25 a point moves cleser to (r) 

on (p,r), the distance to the most distant member of V_ is increased. 
P 


The minimum value this distance can be occurs where 


716 =" lee 


The distance associated from this point to (r) and the most distant 
Mmrerber Oi Mae 1s s(t, a = aa OINGe this point bas becn selected 
less than Tr, frome (r), then thesotiermlen ber wot tie=s—-cenber Indy 
be located on (q,r) as near as possible to the most distant member 
of ue ) Uhis cecurs at. (d),.e witha distance of A . It is important 
EO -LeMmeinbper Uldte we are concentrating On points on (p, 1) and (q, 1) 
as possible candidates for the absolute 2-center. It may be true that 
we could do better than a by moving onto some other arc connected 
to (q), but this would require considerable further study. 
Summarizing the discussion thus far, a pair of points has been 


located which will give a radius less than To. The radius associated 


with these points will be the larger of the two distances, i.e., 


] 
—_ I t 
Oy ree ae 


e25.~ 


If the first term is the larger Gf the two, [heneene tmeminer ofthe 


Z=centervwmust beslocatediprecisely tvagdistange 


in onder to,pive this radius... The other member.is free to move see 


long as 


If, on the other hand, Ss is the larger of the two, then one memoen 
of the Z-center must be located at (qj, 1.¢., 6 =U, in Order mori 
this radius. The other member of the 2-center is free to move, so 

long as it remains within a distance of i of both (r) and the most 


distant member of ee Thus 


Poe toe Ss he i 
2 q el ie 
Comparable arguments may be made examining points on (q,r). 
Hence, there will always be two solutions available; we would nor- 


mally be interested in the one giving the minimum radius. 


Note that if R=r and (p) is selected such that a oan 


t 
2 3 q ? 
then the results of this case reduce to the results of Case 3. 
The graph of Figure 10 will sé€uve tovexcmipiiiyseacc 2. Mittal 


let A = 3. B= 3 : . The set { {(p),(qj} ts a vertex Z2-center (asic 


((p),(s)}) with r,=4. For the A and B given, r = min [max 


The 2-center with the minimum 





Figure 10. Example graph 


radius consists of the point x located such that 


with 


wnohtt | — l 
= ee annie 
and any point y so located that 
se 
Ve es p G 
1 1 
Now let Lees B=27, hence 
3 ] 2) l 
r=min [max(37, 27), max(3%7, 35)] 
Se 
1 3 
eal So a = 
§ = 5 (R r) 1s 
with 
l acum 
i omeliail 35> 
and any 
l l 
a t = ere 
€ Z(Rt4r mes 5 
l 
Now let A=35, Bel, 
= aan aene.= ]) , . midxars ee) = 9 
ia [ 7. ? > 2 | = 
Now 
ee 
p Z 
e=0, 
and any § 
Re =p Ss 6 sa! 7 
q 
l ] 
= < ie 
ls § o5 
Futiiatee@meree 2. = 2, B= 35 
; l ] 
r= Min |[imeec (3, 35), max (4 7z Ae 3 
For this case 
l 
= Re tis 
ee ae 
70 


and any 


im 


= 
2 


é p 
i < sl = 
Des eae 2 
Case 5: One arc greater than To the othermlessathan I: Dhe stares 


ment of this conditien implies thesexvsemee scm a yventex, -eallaime ty, 


such that d(vs , t) = To where V3 = {(p),(q)}. The following 


theorem will be proved for this case. 

Theorem 7. For the conditions of this case, there exists no point 

x on either arc such that the sets {(p),x} or {x,(q)} is an absolute 
2 cenber, 


POO i- 7 srotiane scl, I) r 5 and d(q,r) < Tr, One of two 


ame ditqah) = r or 


Situations must exist. Either d(p,t) = ro 2? 


diet = tr andmd(aq,t) 2 r It is not important to distinguish 


, 
between them; note, bee that the distance front (p) ore a) 
to (t) can never besless:than r, 
Consider first a point x on the arc (4d, r) othe Bhortersoisthe to 

arcs. For this point, 

d(x,t) = d(t,q) + 6 

d(t,q) zr, 
ci xt) > r. 5 
Thus, no x located on this arc improves on r, 


Next, consider a point x onthe are (p,r). For this point, 


d(x,t) = min ['d(p,t) "heme, ty) cna, tye dp, c))— ee" |/. 
If 

d(x,t) = d(p,t) +e 

Gitar) 2r, 

_ d(x,t)> ro: 
If 


d(x, t) = d(q,t) + dich) d(peneare 
d(q, t) 2r, 
€ el Goe) 


: d(x, t)>r, 
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Thus no x onthis arc will improve on r,s proving the theorem. 

Note that a result of this proof is that Case 5 may be combined 
with Case 2. 

Summarizing the results when the minimum-length path connecting 
the members of the vertex 2-center has one intermediate vertex with 
no other connectivity, it has been shown that if one of the arcs is less 
than To then no points on the arcs may be paired with either of the 
2-center vertices to form an absolute 2-center. In all other cases 


when one or both of the arcs are equal to r. or one is equal to r, 


2 
and the other is greater, such points will exist. 

Notice that the statement is not that an absolute 2-center cannot 
have a member on the arcs discussed, but that no point on these arcs 
when paired with (p) or (q) will form an absolute 2-center. Figure 
11 shows an example where a point on the arc (q,r) (inthis case 
eneater tian r.) is paired with another point to yield an absolute 
1 


we; 


2-center. For this example, r= 2 a 





igure). .Exampleseraph 
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CHAP Tie 4 
LOCATION OF ABSOLUTE *2-CEaNTERS 


In the preceding chapters, absolute 2-centers have been defined 
and their existence shown. In Chapter 3, it was shown that certain 
arcs can either be eliminated from consideration, or can be shown 
to contain 2-centers which improve on the vertex 2-center immedi- 
ately. In this chapter a solution technique for locating the best 2- 
centers on arcs incident to vertex 2-centers will be set forth. 

A word of caution is in order. The solution technique as exposited 
here will find absolute 2-centers only if they exist on arcs incident to 
the vertex 2-center. It will be shown later in the chapter that abso- 
lute 2-centers can be located elsewhere. Hence it is somewhat 
indceumate tosnefer to thespointssdeterminedsubyethescolutionstesnnicune 
as "absolute" 2-centers, since they cannot be shown to always yield 
thew IMinawimeradits Over ticscmhine glam h: 

Solution Technique 


1. Determine all the vertex Z-centers. This can be accomplished 
n 


S| combinations, as explained in 


by scanning the D-matrix for all { 
Chaprer .. 

2. Examine the path connecting the members of any vertex 2- 
eenter.) If it is a singleiduc, tmmay beveliminated {rom ¢eoncsideralion 
in step 3. If the path contains a single vertex with no other connectivity 
and is the shortest path, then the arcs on this path may be eliminated 
from consideration in step 3. It may seem strange to entirely elimi- 
nate these arcs from consideration in step 3, since the example of 
Figure ll inthe peeetding chapter showed thatemecesames imay CON 
tain members of an absolute 2-center. However, the min-distance 
plot procedure of step 3 is such that these solutions will be reached 
during €xamuinetion Of other ares, 


Listed below is a summary of the results for the special cases 


discussed in Chapter 3. Inthis summary, {(p),(q)} is a vertex 


are 


Z-center, (r) is a single vertex in the shortest path connecting» (p) 
and (q), (r) having no other connectivity, e¢ is a distance measured 
from (p)**alene (pyr); and § is a distance measured from (q) 


along (q,r). 


i. li @iqutis< F then for any value of d(p,r) (Cases l, 2 


Z b 
and 5), no improvement on ro, 1s possible. 


Il. If d(p,r) = Tos anes d@@ir) = R = i, (Cases 3 and 4), then 


r = min {max (F(x, + ve red max aa +sRe)n is Ji) amgpif 


(apie = =r 


Z Zu a 


l 
+r') then g==(r,-r'), 
p os p 
l 
< <— t Zt a 
Os § rg es a ba 


l l 
(r' +R) then 6==(R-r'), 
+R) S (R= 3!) 


(b) > 


a 
tH 


Os eins!) Pa 


(c) 


iT 


T othenmesca= 0% 
P 
Bers Ot te 
Pp Pp q 
(d) aa then § = QO, 


r. -r' s8 eetse@r? -— 


a 6q 
3. For all arcs ineident to the memabers of the vertex 2-center 
not eliminated in step 2, make min-distance plots for absolute 2- 
centers as described below. 
Min-distance Plots 
The purpose of the min-distance plot is to determine the radius 
of the graph for a set of two points consisting of owe member of 
the vertex 2-center antka point On ansarc. In tumn, these plots lead 
to determination of the radius of two points located along arcs. 
Specifically, if {(p),(q)} is a vertex 2-center, then sets {(p), x} 
will be examined, where x is located on arcs incident to (q). 
Having made the min-distance plots, we may examine them for 
points where the radius is less than r 


2° 


5h) - 


A simple example will serve to illustrate the plotting technique. 


Gonsidersthescraph of Figures) 2. 





Figure 12. Example graph 


There are four yertex 2-cenvers, { (l=) pee) 3}; 
{(2),(4)}, all with as 2. For the min-distance plot, consider 
{(1),(4)}. Specifically, the example, Figure 13, considers the 

set {(4),x}, x located onthe arc (1,2). A plot is made of the 
minimumed stance to eachevertexsas the point x movecedlone the 
arc. The abscissa of the plot is the distance trom (1) to (2);iive 
ordinate 1s the minimum distance to each vertex. Thus, thereisa 
line plotted for each vertex. For example, the distance to vertex 1 
(the line marked d) is zero when x is at vertex 1, then increases 


as x 1S moved toward vertex 2, until (2) is reached. The distance 


to (3) remains constant at one, the distance from (4) to (3). 





Distance 0 Z 
Vertex (1) (2) 


Figure 13. Example min-distance plot 


Note in Figure 13 that the lines intersect where x 1S one unit 
fom. (l)eesthevordinate value at this point issone. ~Thus tne ser 
{ (4)eone swith ox located one unit frome (om thessaes |, c)myirelds 


a radius of one. 


ap. 


Similar plots must be made for both members of the vertex 2- 
center and arcs not previously eliminated (by Theorem 3, the arc 
(4,1) has been eliminated). Next, examine the plot of x along 
(493); e~withe@h}easethe othersmembereoithe zc-center. Notesthat the 
distance to (2) is constant attwo. Since neither d, nor » esrcced 


5 
ome, the radius for this*easems determined by d.,- Lowering the 





d 
2 moving from (1) one 
. unit toward (2) 
l 
0 
Distance 0 ] 
Vertex (4) (3) 


Figure 14. Example of adjusting min-distance plot 


d., line will reduce the radius. Examining the graph, we see that we 


may move from (l) toward (2) one unit without affecting d. or 


d,, as shown by the dotted line in Figure 14. This leads to the same 


4? 
solution reached in the preceding paragraph, but with the added infor- 
mation that x may be located anywhere on (4,3) and still yield a 
rachis of one. By examining the effect of movingroffithe fied wertex, 
solutions on arcs previously eliminated in the algorithm will be 
discovered. 

Aiteér pilots have been made forall Gligible arcs and vertices, all 
the plots are compared and the points yielding the minimum radius 
will be the most centrally located points to be found on arcs incident 
(Lomaeviel lexec=eCnEen . 

Summarizing the procedure for the min-distance plots: first plot 
the radius as a function of a fixed vertex and 2 moving powite hen 
examine the largest radius and determine if it can be reduced by 
moving off the fixed vertex. After so adjusting all plots such that 


they yield a minimum Z-center, the minimum over all such points is 


-33- 


the minimum radius obtainable for two points on arcs incident to a 
vertex 2-center, and may be the absolute 2-center. 

It is intuitively appealing to hypothesize that absolute 2-centers 
should occur ''near''! vertex 2-centers, or at least on arcs incident 
to them. It does happen quite often; however, one counterexample 
will serve to show that it does not always happen. 

For the graph of Figure 15, {({(1),(2)} is the vertex 2-center 


with a, 5 10. The absolute 2-center occurs at the points marked 





Figure 15. Example of graph with absolute 2-center not 
on arcs incident to the vertex 2-center 

with rs = 9. Theseraph hacsssome interestingspeepesticay meme wethe 
vertex 2-center connects directly to all vertices and no other pair 
of vertices has this property. A fruitful area for further investiga- 
tion*mrght be*to determine wihtat properties a graph must have dor the 
absolute 2-center not to be located on arcs incident to the vertex 2- 
center, lt may ber that themeounterexamp!e"conmles 11 Omma Vem 
Presper lctedrclacs Ol prapims: 

One example will serve to illustrate several aspects of the solution 
procedure. Consider the graph of Figure 16. The associated D- 
matrix, where D= id; ; qs = the minimum distance from vertex 


MmetO verte j aes 
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Theme arc (> )or 15 possible vertex Z-centers. The vertex 2-center 


LS Rn igh WEE I 3. The method for détermining r, was 


shown in detail in Chapter Z. 





Figure 16. Example graph 


The next step is to eliminate those arcs where it can be determined 
a priori that no member of an absolute 2-center is located. By 
Theorem 3, arc (1,5) need not be considered. Likewise, by Theorem 
7, arcs (1,6) and (5,6) are eliminated. By those steps, arcs inci- 
dent to the vertex Z2-center requiring consideration are reduced from 
Fevien tOeunree. 

The next step is to construct the min-distance plots. An analysis 
ofarc (1,4) with (5) as the other member yields Figure 17. There 
would be six other min-distance plots to be made but Figure 17 is 
sufficient to give the answer. The absolute 2-center is vertex (5) 
anda - located 5 UnitairomeniL) On drew i444) resulting im 


ry aaa. 


ai ba 


The same basic technique could be used on other arcs to locate 


the absolute 2-center onany arcwof the graph. | All verticés could 





Distance 0 2 
Vertex (1) (4) 
Figure 17. Min-distance plot for example 


be taken pairwise, and min-distance plots made onall arcs. The 
amount of work involved, even for a small graph, seems prohibitive. 
Without further investigation leading to additional reductions in the 
number of arcs to be considered, the solution technique of this paper 
is probably not a very efficient method of locating other absolute 2- 


centers. 
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CHAP PRS 


SUMMARY 


Graph theory can be usefully applied to the problem of optimal 
location of emergency facilities. Previous work by prone” 2) 
shows how to locate the absolute center of a graph, the point, not 
necessarily at a vertex, which is more centrally located than any 
other point. Chapter 2 of this paper contains a brief account of 
Hakimi's work and an illustrative example. 

In Chapter 5, the concepiol-a graph center and a bsullute center 
is exrenacd to a vertex niulti-eenter and "apeclute multr-cenverm live 
vertex multi-center is found by scanning all(") sets of! p vertices 
for the set yielding the minimum radius, several tieorenic are 
proved which specify the conditions for which certain combinations 
of arcs and vertices will always contain a 2-center which improves 
on the vertex 2-center and others will never contain an absolute 2- 
cemver. A Single arc connecting the members o1memvert cxecmecmicr 
contains no point which may be paired with a member of the vertex 
2-center to form an absolute 2-center. This arc may, however, 
have an interval which contains points which may be paired with a 
member of the vertex 2-center to yield a radius equal to the radius 
of the graph ro This same arc contains no pair of points which 
form an absolute 2-center. 

tine case Were the shortest path connecting the members ofthe 
mertex c=Gentver COntains a single vertex with no other connectivity 
isecxdmined next. It both the ares are equal to r. in length, or if 


Sie ere is equal to r_ in length, the other greater than r there 


2 a 

will exist a 2-center on the shortest connecting path which will have 
a radius less than Tr, . [Pene sare lcsless tman r, in léneth, caemene 
Pmiatter what thevlength Of the other arc, no point will exist on either 
arc which may be paired with either member of the vertex 2-center 


to form an absolute 2-center. Both arcs cannot be greater than r.. 


=—jf < 


A solution technique for finding the.best 2-centers on arcs inci- 
dent to the vertex 2-center is stated in Chapter 5. By plotting the 
radius of a pair of points consisting of one member of the vertex 2- 
center and a moving point on an arc incident to the other member, 
points constituting the most centrally located 2-center may be found. 

Theoretically, the solution technique could be used to locate 
absolute 2-centers anywhere on the graph. The amount of work 
involved would probably be prohibitive, so the technique must be 
considered practically inapplicable in these cases. 

There are many questions involving multi-center location still 
to be resolved. An area of immediate interest is to determine under 
what conditions absolute 2-centers may be located on arcs not inci- 
dent to a vertex 2-center. The area of multiple Z2-centers requires 
considerable investigation to determine if there is a logical order 
to examining them. This leads to consideration of "interlocking" 
2-centers, where one vertex is a member of more than one vertex 
2-center. It might be of interest to examine directed graphs, 
although it would appear that little could be said in general. Yet 
another extension would be to add weighting factors to vertices. This 
might be appropriate in the fire station location problem if the 
importance of a prompt response to an alarm varies from location 


to location. 
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